We consider nonequilibrium phase transitions in classical, 3-dimensional, purely repulsive binary mixtures that occur during processes in which an initial infinite-temperature configuration is instantly quenched to zero temperature. It is found that such systems display two kinds of second-order transition in which either a conserved or non-conserved order parameter is involved. The type of transition can be controlled by tuning the interactions between unlike particles, with strong inter-species repulsion leading to chemical ordering through an unmixing process, and weak repulsion giving rise to structural ordering by means of a continuous nonequilibrium crystallization process that is barrierless and produces grain-size distributions that display scale-invariant features. Moreover, this behavior seems universal for repulsive interaction potential-energy functions in general, with the propensity of the continuous freezing transition being related to their behavior in the neighborhood of zero separation.
We consider nonequilibrium phase transitions in classical, 3-dimensional, purely repulsive binary mixtures that occur during processes in which an initial infinite-temperature configuration is instantly quenched to zero temperature. It is found that such systems display two kinds of second-order transition in which either a conserved or non-conserved order parameter is involved. The type of transition can be controlled by tuning the interactions between unlike particles, with strong inter-species repulsion leading to chemical ordering through an unmixing process, and weak repulsion giving rise to structural ordering by means of a continuous nonequilibrium crystallization process that is barrierless and produces grain-size distributions that display scale-invariant features. Moreover, this behavior seems universal for repulsive interaction potential-energy functions in general, with the propensity of the continuous freezing transition being related to their behavior in the neighborhood of zero separation.
Classical systems described by repulsive pair potentials have been the subject of intense investigation for over five decades . Not in the least due to their role as effective descriptions for interactions in soft-condensedmatter systems [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , substantial effort has been directed towards elucidating the equilibrium phase behavior of such models, considering both single-component samples as well as multi-component mixtures [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Nonequilibrium phenomena, on the other hand, have received much less attention, despite their key role in selforganization phenomena in such systems [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] . Indeed, one of the challenges in soft-matter materials design concerns the ability to adjust the effective interaction parameters so as to control the self-organization process and achieve desired self-assembled structures [53] .
In this context, processes that display spontaneous development of structure from an initially disordered, farfrom-equilibrium state are of particular interest [43, 52, 53] . A typical example of such a nonequilibrium process is one in which a system initially at equilibrium in a high-temperature, disordered state is rapidly quenched to a low temperature. Due to the rapid pace of cooling, the initial high-temperature phase becomes unstable and will spontaneously decay into some low-temperature state. When considering mixtures, this decay can occur by means of two different types of second-order nonequilibrium phase transition, depending on whether the involved order parameter is conserved or non-conserved, respectively [54] [55] [56] . The prototypical example of the first kind are unmixing transitions in which the order parameter is related to the fixed chemical composition and the final low-temperature state is characterized by chemical ordering through phase separation. In the second type, on the other hand, the final state is characterized instead by the development of structural order, as described by a non-conserved order parameter related to quantities such as crystal symmetry and/or orientation [54, 56] . However, while unmixing transitions are quite common for the class of repulsive pair potentials [41, 57, 58] , the occurrence o transitions of the second kind are not. In fact, to the best of our knowledge, such structural ordering phenomena have so far only been observed for spin systems such as the Ising model [56] , while there have been no reports for model systems characterized by continuous interactions. Above all, to date there are no known model systems that display both types of transition, depending on boundary conditions and/or model parameters.
Here we show that 3-dimensional binary mixtures described by a broad variety of purely repulsive pairwise interactions display both kinds of continuous nonequilibrium transition and that the observed type can be controlled by tuning the interactions between unlike particles. While strong inter-species repulsion gives rise to chemical ordering through unmixing, weak values lead to a spontaneous development of structural order, forming a polycrystalline solid of uniform chemical composition. However, unlike the common equilibrium first-order freezing transitions, this nonequilibrium crystallization process is continuous in nature in that it is barrierless and gives rise to grain-size distributions that display scaleinvariant characteristics. Furthermore, we find that the behavior of the potential-energy function in the neighborhood of zero separation is directly related to the propensity of the continuous structural ordering transition.
Our results are based on simulating processes in which an initial infinite-temperature state is instantly quenched to zero temperature. Since the quench is infinitely rapid, the system has no time to explore the potential-energy landscape (PEL) and is driven to the local minimum that is closest to the initial configuration, also known as its inherent structure [61] [62] [63] . This quench process is implemented computationally in the following way. First, for a a) b) c) Figure 1 . (Color online) Typical configurations containing N = 10 7 particles, with the distinct species shown in blue and red, respectively, as obtained from the CG quench protocol for the binary UF model for two different values for the inter-species interaction energy scale. a) Random initial configuration. b) Phase-separating system for strong inter-species repulsion. c) Spontaneous ordering into a rock-salt (B1) type polycrystal of uniform composition. Inset displays part of the grain structure, with the green and white particles representing those in the B1 structure and in the disordered surroundings of the grain boundaries, respectively, as determined using the Ovito package [59, 60] .
specified particle density, we construct a cubic, periodic simulation cell with a volume V that corresponds to a given total particle number N . Subsequently, the system is initialized by randomly placing the N particles in the cell, giving rise to a structureless, uniform position distribution that represents an infinite-temperature state. Then, to locate the corresponding zero-temperature state (i.e., its inherent structure) a conjugate-gradient (CG) minimization is invoked. To assess possible dependencies on initial condition this process is repeated several times for each set of interaction properties and particle densities, using different random-number-generator seeds. All the CG calculations have been performed using the Polak-Ribiere version of the CG algorithm as implemented in the LAMMPS package [64] , which is among the most efficient local minimization algorithms for functions of many variables [65] . As a first case we consider a binary mixture with inter-particle interactions described by the Uhlenbeck-Ford (UF) model [66] [67] [68] [69] , which is characterized by a logarithmic divergence at zero separation and belongs to the class of so-called ultrasoft potentials [36] , Specifically, the UF model is defined by the potential-energy function
, where ij and σ ij are energy and length scales associated with the interactions between particles i and j, and r ij is the distance between them. We fix the energy scales of the interactions between particles of the same species to be AA = 100 and BB = 200 , respectively, whereas the energy scale AB for interactions between A and B particles is variable. The length scale is chosen to be the same for all interaction types, i.e., σ AA = σ BB = σ AB = σ and the cut-off for the interaction calculation is set at r c = 4 σ. Species A and B are present in equal proportions for all cases, in-cluding for the other interaction models discussed below. Fig. 1 displays typical configurations obtained for the UF mixture containing 10 7 particles at a reduced particle density ρ * ≡ N σ 3 V = 1. Fig. 1a ) depicts a typical random initial condition that is disordered both chemically and structurally. Figs. 1b) and c) then show snapshots obtained from the subsequent CG minimizations for two different values of the inter-species interaction parameter, AB . Fig. 1b ) portrays a case of strong inter-species repulsion at AB = 175 . Under these conditions the system is unstable with respect to composition fluctuations [70] and undergoes a chemical ordering transition by which the two species unmix. This transformation corresponds to the first type of nonequilibrium transition discussed above, involving a conserved order parameter. Indeed, the depicted structure strongly resembles the typical patterns of spinodal decomposition often seen for phase separation [54] . Note, however, that the structure in Fig. 1b ) has not fully converged to the completely unmixed inherent structure. This is because the computational cost to reach a fully unmixed state is prohibitively large for the system size considered here, even for efficient minimizers such as CG. For smaller system sizes, N ∼ 10 5 − 10 6 , complete unmixing is attained within available computational limits.
For a weak inter-species interaction at AB = 20 , the instability is fundamentally different, as can be seen in Fig. 1c ). In this case the CG minimization rapidly converges to the inherent structure, which remains uniform with respect to chemical composition but has spontaneously developed structural order. In particular, it features a polycrystalline structure composed of grains with the rock-salt (B1) structure, which consists of two inter-penetrating fcc lattices, each occupied by either A or B. Interestingly, the nature of this crystallization process is fundamentally different from the usual first-order character of equilibrium freezing phenomena. The present nonequilibrium crystallization transition is continuous in nature. First, there is no energy barrier between the structureless initial configuration and the final polycrystalline structure since they are connected by a CG sequence that always moves downhill on the PES [65] . This is the main difference compared to first-order transitions, for which initial and final configurations are separated by an energy barrier that cannot be surmounted using local minimization techniques such as CG. Secondly, the grainsize distribution of the polycrystalline structure displays scale-free features that are characteristic for continuous phase transitions [71] .
To establish this characteristic, we employ the recently developed grain-segmentation algorithm (GSA) in Ovito [59, 60] to identify individual grains and determine their sizes in terms of particle numbers for the final configuration from a CG minimization with AB = 20 . Fig. 2b) shows a log-log rank-size representation [71, 72] of the grain-size distribution in which the rank of each grain in terms of its size is plotted as a function of grain size, such that the largest and smallest grains are ranked first and last, respectively. For this particular purpose, to enhance the grain statistics, we have carried out a single quench simulation on a 10 8 particle cell, giving rise to an inherent structure containing more than 4 × 10 4 crystallites with sizes ranging between 100 and ∼ 6 × 10 4 particles. The size-rank graph clearly displays a linear regime for grain sizes larger than ∼ 10 4 particles, indicating that, asymptotically, the distribution for the grain size k follows a power law of the form p(k) ∼ k −α , with α = 3.64 ± 0.02, attesting to the typical scale-invariance seen in continuous phase transitions [71] .
In all of the cases shown above, the results are independent of the random initial condition, displaying the same unmixing and crystallization transitions for different random-number seeds. Accordingly, the type of transition that occurs is determined by the magnitude of the interspecies interaction strength AB . To further analyze its role we carry out a series of quench CG simulations for a set of AB -values between 0 and 200 , employing cells containing of the order of 10 3 −10 4 particles. In addition, we also investigate the possible influence of the particlenumber density by considering a range of ρ * -values for each AB . To automate the detection of the phase transitions we monitor the displacements of the particles during each quench simulation, comparing their positions in the initially structureless state to those at the end of the CG minimization procedure. Fig. 3a ) displays a density plot of the mean particle displacements for the UF system, measured in units of the density-based particle separation length scale d ≡ ρ * −1 3 , as a function of AB and ρ * . It displays three well-defined regimes, characterized by distinct values for the mean particle displacement. The yellow band on the left corresponds to values of the order of ∼ 2d and signals the instability of the random initial configuration that leads to its decay into the self-similar rock-salt structure through the continuous ordering transition. The mostly blue band on the right corresponds to the instability that gives rise to the unmixing transition in which particles move over significantly larger distances. Finally, in the orange-colored areas the displacements are less than the average particle separation, meaning that the initial configurations are metastable, i.e., they are "close" to their corresponding local minima, which retain their chemically uniform and structurally disordered character. A further notable characteristic is that the identification of these 3 groups involves AB only, being essentially independent of ρ * , except for very low values for which the distances between the particles become large and the interactions between them weak. This implies that the inherent structures associated with hightemperature configurations are invariant with respect to uniform volume scaling [62] .
Another way of viewing these results is from the perspective of the PEL formalism [62] . The above results imply that, for the considered binary UF model, the topography of the inherent structures for uniformly sampled configurations undergoes abrupt transitions as a function of the interspecies interaction intensity. At AB ≃ 5 and 50 there is an abrupt transition between chemically uniform, amorphous inherent structures and local minima that display polycrystalline structural order at a homo- geneous composition. When reaching AB ≃ 150, on the other hand, there is a second kind of transition, with the nature of the inherent structures changing from chemically uniform and structurally ordered to compositionally unmixed without long-range structural order. Another important finding is that the observed phenomena are not limited to the binary UF system but seem to be universal for repulsive interaction potential-energy functions in general. This is illustrated in Figs. 3 b-e ), which depict density plots of the mean particle distance for the inverse fourth-power law (IPL4), the inverse sixthpower law (IPL6), the Weeks-Chandler-Andersen (WCA) and the Gaussian core (GC) models [70] , respectively. For all these systems the same 3 regimes can be identified, observing unmixing for large values for AB , continuous structural ordering to chemically uniform, rock-salt-type polycrystals for weak interspecies interactions and chemically/structurally amorphous configurations in between.
A particularly interesting issue in this context concerns the relation between the continuous ordering regime and the functional form of the repulsive interaction. Specifically, the shape and the extent of the continuous ordering region in Fig. 3 is seen to correlate with the rate at which the potential-energy function diverges at the origin. Along the sequence shown in Fig. 3 a) to d), in which the divergence changes from slow (logarithmic) to fast (r −12 ), the range of energy scales AB for which continuous crystallization occurs reduces systematically. Indeed, the role of the behavior of the pair potential at the origin in the ordering transition becomes even more evident when considering the GC force field, which does not diverge at all, tending to a constant value and zero derivative at the origin. [70] As shown in Fig. 3 e) , the ordering transition to the rock-salt polycrystal structure in this case is restricted to a very narrow region in the AB −ρ * plane, disappearing altogether for densities above ∼ 0.8.
In conclusion, we have considered the nonequilibrium behavior of classical, 3-dimensional binary mixtures of particles interacting through purely repulsive forces during processes in which an infinite-temperature initial structure is rapidly quenched to zero temperature. We find that such systems display both possible types of second-order nonequilibrium phase transition, characterized by either a conserved or non-conserved order parameter. The observed type of transition can be controlled by tuning the interactions between unlike particles, with strong inter-species repulsion giving rise to spontaneous unmixing, whereas weak interactions lead to a spontaneous development of structural order, forming a rock-salt-type polycrystalline solid of uniform composition. However, unlike common first-order equilibrium freezing transitions, this crystallization process is continuous in nature, being barrierless and displaying scaleinvariant features in the grain-size distributions. Moreover, the behavior seems universal for repulsive interactions in general, with the propensity of the continuous freezing transition correlating with the behavior of the pair-interaction potential-energy function at the origin.
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I. INTERACTIONS MODELS
We consider the set of purely repulsive interaction models detailed below. In all cases, ij and σ ij are energy and length scales associated with the interactions between particles i and j, and r ij is the distance between them. In all simulations we fix the energy scales of the interactions between particles of the same species to be AA = 100 and BB = 200 , respectively, whereas the energy scale AB for interactions between A and B is variable. The length scale is chosen to be the same for all interaction types, i.e., σ AA = σ BB = σ AB = σ.
A. Uhlenbeck-Ford The interactions described by the purely repulsive Uhlenbeck-Ford (UF) model [1] [2] [3] [4] are characterized by a logarithmic divergence at zero separation and belong to the class of so-called ultrasoft potentials 5 , which have been shown to be useful in the description of the effective interactions between star-polymer particles [6] [7] [8] [9] . Specifically, the UF model is defined by the potential-energy function
The cut-off for the interaction calculation is set at r c = 4 σ.
B. Inverse fourth-power and sixth-power laws
The potential-energy functions describing the inverse fourth (IPL4) and sixth-power (IPL6) laws 10 are given by
with the cut-offs for the interaction calculation set at r c = 6 σ and r c = 4 σ, respectively, for the IPL4 and IPL6 models.
C. Weeks-Chandler-Andersen
The Weeks-Chandler-Anderson (WCA) model 11 is defined by the repulsive part of the Lennard-Jones (LJ) potential energy function, shifting the LJ function such that the minimum value corresponds to zero, and truncating it for distances beyond that of its minimum at r = 2 1 6 σ. For the binary mixture, the WCA force field is defined as
D. Gaussian core
The Gaussian core model for the binary system is defined as 12 u(r ij ) = ij exp(−r 2 ij σ 2 ij ). The main difference between these models is their behavior near the origin, as can be seen in Fig. S1 . The UF, arXiv:2002.11556v2 [cond-mat.stat-mech] 10 Mar 2020 IPL4, IPL6 and WCA models all diverge at the origin, yet at different rates. Whereas the UF model diverges only logarithmically, the IPL4, IPL6 and WCA force fields diverge as r −4 , r −6 and r −12 , respectively. The GC, on the other hand, does not diverge as r → 0, reaching a constant value at zero slope.
II. INSTABILITY WITH RESPECT TO COMPOSITION FLUCTUATIONS FOR THE UF MODEL
Depending of the magnitude of the inter-species energy scale, the random initial configuration for the UF model is unstable with respect to composition fluctuations, giving rise to the unmixing transition. This is illustrated in Fig. S2 , which shows the mean energy obtained for 5000 random initial conditions as a function of composition at a reduced density ρ * = 1 for a number of different values for AB . For AB ≲ 140, the energies are convex functions of the particle-type fraction, implying that the mixtures in these cases are stable. For AB ⪆ 150, on the other hand, the curves have become concave for any com-position, implying that mixtures in any proportion of A and B species are unstable 13 , giving rise to an unmixing transition. 
